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1. (30 pts) Suppose that we have a sample of IID observations Xi, ..., X,
and the X;’s have a common Lebesgue density function f. Suppose that f
is twice differentiable on (—co, c0) and f” is continuous and bounded on
(—00,00). For 29 € (—00,00), consider the following estimator of f(zo):

- _ 1 & Tg — X3
fn(fFO) N nhy, ;k ( hn ) ’
where {h,}S%, is a sequence of real numbers such that lim, ;o0 b = 0

and _
k(m):{ 1—|x| if|z| <1

0 otherwise.

{(a) (10 pts) Find )
L B(feo) ~ flzo)

n—oo h2

(b) (12 pts) Specify condition(s) on {h,}22, to guarantee that for zo €
(—00,00), fn(To) converges to f(zo) in probability asn - co. Jusifty
your answer.

(c) (8 pts) Show that

Fr(@0) — E(fn(w0))

Var(fa(zo))

converges to N(0,1) in distribution as n — co. Specify additional
condition(s) if necessary.

2. (10 pts) Suppose that T, T;: j =1, 2, ... are decision rules for the same
decision problem. Suppose that for 7 > 1, 7; is a Bayes rule with Bayes
risk r;. Suppose that the risk function of T" is a constant r € (—00, c0)
and '

r= lim r;.
GO0

Show that 7 is & minimax decision rule.




3. (10 pts) Suppose that we have a sample of IID observations Xj, ..., X,
where the distribution of X; is N (i, 1): the normal distribution of mean
p and variance 1, and p € (—o00, 00) is an unknown parameter. Consider
the problem of estimating p under a loss function I, where L is defined
so that the loss for estimating p using a when p = g is

L(a, po) = (a — po)?
for @ € (—o0,00) and g € (—00, 00).

(a) (5 pts) Find the Bayes estimator for y under the loss L when the
prior distribution for x is N(0,72): the normal distribution of mean
zero and variance 72, where T is a positive constant.

(b) (5 pts) Find a minimax estimator for u.
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NOTATION:

(i) 0p: the zero n-vestors in R™.
(ii) I,: the identity matrix of size n.
(iii) Py: the projection matrix on a vector space V.

(iv) £{X): the subspace spanned by the column vectors of a matrix X.

1. For the linear model Y = X3 + €, where X is an n X p matrix and € has
mean 0 and covariance matrix 021, we say n = ¢ B, c € RP, is estimable
if and only if there exists a vector a in R" such that E(a'Y) = ¢ 3 for
all B € R”.

(a) (5pts). Please show that ¢ 3 is estimable if and only if ¢ lies in the
row space of X. (Therefore, all components of 3 are estimable if and
only if the column vectors of X are linear independent.)

(b) (10pts). Let a, = Pyx)a. Please show that a,Y has the smallest
variance among all linear unbiased estimators of 1. Namely, a,Y is
unbiased and var(a,Y) < var(dY) for all E(dY) = n.

2. (7pts). Consider the regression model Y = X3 + € with E(e) = 0, and
Cov(e) = o2I,,. Let us decompose Y = ( ‘Y‘,; ) and X = ( ‘;2 ), where
Y; and X; have n; rows for 2 = 1,2 and n = n; + ne. Let SSE, SSE4
and SSE; denote the usual error sum of squares for regression of Y on
X, Y on X; and Y5 on X respectively. Namely, SSE= ||[Y — P Y| [%,
SSEl = I|Y1 — PE(X1)Y1H2> and SSEQ = ”Yg - PE(XQ)YQIP' Which one of
the following statements is correct? Justify your answer.

(i) SSE < SSE; + SSEs; (ii) SSE = SSE;+SSEy; (iii) SSE > SSE;+SSEs;

(iv) none of the above.




3. Here we consider two linear regression models as below.

Model (A): Y = X18; +¢€;
Model (B): Y = X8, + X508, + 4.

Here X; and X3 are n X p; and n X p, constant matrices, 3, and 3, are
unknown pi-vector and ps-vector, and €, ¢ are random vectors with mean
0, and covariance matrix 02/,. Suppose matrix X,x(pitp) = [X1 X2

has full column rank. Denote B3, the unique LSE under model (A) and

B, and (3, the unique LSE under model (B). Also let 2 = I¥=XiB1IC ;9

n—pi
&2 = ”Y“f_lil__f?ﬁ I be the usual estimates of o2 based on model (A) and

(B) respectively.

(a) (8pts). If model (A) is true, it is known that B; and 42 are both
unbiased. What about 3; and %7 Justify your answer.

(b) (10pts). If model (B) is true, we know B, and & are unbiased.
However, 3; and 6% are not. Please find bias for both of them (in
terms of X1, Xz, By, Bs, 02, ...).

(c) (10pts). Suppose model (B) is true. Please find a necessary and
sufficient condition (on X; and X5) such that 3, is unbiased. Justify
your answer. Please also make a comment onthe bias of 62 under
this condition.



